We develop a parsimonious bivariate model of inflation and unemployment that allows for persistent variation in trend inflation and in the non-accelerating inflation rate of unemployment. The model, which consists of five unobserved components (including the trends) with stochastic volatility, implies a time-varying vector autoregression model for changes in the rates of inflation and unemployment. The implied backwards-looking Phillips curve has a time-varying slope that is steeper in the 1970s than in the 1990s. Pseudo out-of-sample forecasting experiments indicate improvements upon univariate benchmarks. Since 2008, the implied Phillips curve has become steeper and the the non-accelerating inflation rate of unemployment has increased.
Introduction
Recent research on inflation forecasting in the postwar United States suggests empirical support for four conclusions. First, it is difficult to improve over univariate time series models, at least on average. This point was made most dramatically by Atkeson and Ohanian (2001) , who showed that a random walk model for the annual rate of inflation beat multivariate models using measures of economic activity as predictors (Phillips curve models). Second, when multivariate models do improve upon univariate models, they tend to do so episodically. For example, Watson (2009, 2010) and Dotsey, Fujita, and Stark (2011) find that Phillips curve models improve upon univariate models during periods of slack, but typically not otherwise. Ball and Mazumder (2011) suggest that the time variation in the Phillips Curve slope occurs at a decadal, not business cycle, frequency, although they only consider contemporaneous relations, not Gambetti and Giannone (2010), Levin and Piger (2004) , Stock and Watson (2007) , and Ball and Mazumder (2011) , or both as in Granger and Jeon (2011) . Fourth, predictors other than activity measures appear to be generally unreliable and unpromising (for a survey, see Stock and Watson (2009) ). One reason for this murky state of affairs is that there is limited variation in the data with which to identify the nature of the time variation and/or nonlinearity, and that models with many parameters tend to be overwhelmed by estimation uncertainty and thus produce poor forecasts. This paper takes up the challenge of developing a tightly parameterized model that is capable of capturing the time-variation in the inflation-activity predictive relation. The adopting a stochastic volatility model that allows the variance of trend inflation to change over time, in effect allowing the degree of anchoring of inflation expectations to vary over time. The second literature stream is work on estimating the natural rate of unemployment, in which the natural rate (typically interpreted as the non-accelerating inflation rate of unemployment, the NAIRU) is modeled as a latent random-walk trend in the rate of unemployment. This latent time-varying NAIRU is modeled as a random walk in Staiger, Stock, and Watson (1997) and Gordon (1998) , and we adopt that specification here with the extension that the innovation variance to the NAIRU also can evolve over time as a stochastic volatility process. The only paper we are aware of that merges both a time-varying trend in inflation and a time-varying NAIRU is Harvey (2011). Relative to Harvey (2011) , we extend the model to include time-varying volatility, so that the projection coefficients (the Phillips Curve in terms of the observables) vary over time in a parsimonious specification.
In the model of this paper, the deviations of the inflation and unemployment rates from their trends -that is, the inflation and unemployment gaps -are linked through a common cyclical component, and the inflation and unemployment rates are both 
The Model
We model unemployment and inflation symmetrically as the sum of a random walk trend, a common cyclical component and serially uncorrelated measurement error, so that the two observed series are represented in terms of five unobserved components. In the most general model the variances of the innovations of the unobserved components all follow stochastic volatility processes, with latent variance processes that evolve over time. This multivariate unobserved components stochastic volatility (UC-SV) model is:
where
N(0, γI) and ξ t and ν t are independent.
With λ = 0, the inflation block of the model is the same as in Stock and Watson (2007) ;
with λ = 0, the inflation block can be interpreted as a Phillips curve. The unemployment block parallels the inflation block.
The multivariate UC-SV model can be interpreted in various ways. The trend in inflation τ t can be thought of as representing inflation expectations (which makes (1) akin to a New Keynesian Phillips Curve (NKPC); this is the interpretation given in to inflation expectations and to the NAIRU are independent reflects the distinct institutional and economic processes that underpin a Central Bank's long-term inflation target and credibility on the one hand, and, on the other hand, the changes in productivity and labor market composition that are generally considered to drive the NAIRU. The independence of the serially uncorrelated disturbances ǫ t andǫ t is motivated by viewing these as measurement error arising from the independent surveys from which the series are constructed. The common cyclical component δ t links the inflation and unemployment gaps over business cycle frequencies, and λ plays the same role in this model as does the coefficient on the activity variable in the NKPC, when the NKPC is specified in terms of an activity gap or the unemployment rate.
From a statistical perspective, the model provides a parsimonious parameterization of time variation in the joint process for inflation and unemployment, with four parameters
Given fixed values of the innovation variances, that is, at a given point in time, the unobserved components model implies specific joint autocovariances of (∆π t , ∆u t ), which in turn implies a vector autoregression (VAR) representation of (∆π t , ∆u t ).
The parameters of the VAR representation depend on the innovation variances because the VAR coefficients essentially arise from a multivariate signal extraction problem, which in turn depends on the various signal-to-noise ratios. 
Estimation Strategy
The model is estimated using a Gibbs sampling procedure. The parameters and latent variables are divided in three blocks. In the first block, we draw the latent variablesτ , δ and τ conditioning on the inflation and unemployment series, the parameters, α 1 , α 2 , and λ, and the stochastic volatilities. We first determine the joint posterior distribution of inflation, unemployment and the three latent variables conditional on the parameters and the stochastic volatilities; we then sample from the conditional distribution of the latent variables. Next, we condition on the latent variables and the stochastic volatilities and we sample from the posterior of the parameters. We assume normal conjugate priors for the parameters, with zero mean and variance equal to 100. Also, α 1 and α 2 are constrained to be in the triangle −1 ≤ α 2 ≤ 1 − |α 1 | so that the cyclical process δ t is stationary. Finally we draw the stochastic volatilities a la Kim et al. (1998) , conditioning on the latent variables and the parameters. 
Data Description and Empirical Results
The data set is quarterly from 1960Q1 to 2011Q3. Inflation is measured by the GDP deflator and the unemployment rate is the quarterly average of the monthly total civilian unemployment rate. The data are plotted in Figure 6 .1. fluctuates through a range of just over one percentage point. The NAIRU is estimated to be greatest during the 1970s, to be lowest during the early 2000s, and to be rising recently. Figure 6 .5b shows the estimated NAIRU when we relax restriction (iii).
In-Sample Results on Historical Time Variation
Estimating σ 2 η does not change the low frequency properties of the estimated NAIRU, but it adds considerable high frequency noise to it. When we allow σ 2 η to be unrestricted, the estimation attributes all the high frequency noise in the unemployment rate toτ , rather than to the measurement errorη. We think that this result is due to weak identification and we therefore fix σ One aim of this model is to allow for the possibility of time-varying VAR coefficients, in particular for a time-varying slope of the Phillips curve. Figure 6 .7 plots the slope of the Phillips curve, as measured by the time-varying sum of the coefficients on lagged unemployment in the implied VAR for detrended inflation and unemployment, (π t − τ t , u t −τ t ). The Phillips curve slope κ is steepest (the implied sum-of-coefficients is most negative) in the 1970s, is the flattest in the 1990s, and has increased in steepness since 2007. It must be noted that there is considerable uncertainty around the estimate of κ, as shown by the 95% confidence intervals
Pseudo out-of-sample Forecast Evaluation
This section reports the results of a pseudo out-of-sample inflation forecasting exercise. Specifically, the model parameters were estimated using Gibbs sampling 3 The results are summarized in Table 1 Over the full sample, the base model provides modest improvements over the UC-SV and AO models, particularly at the one-and two-quarter horizons. Table 1 (1), in particular, the term λδ t in (1) is replaced by the distributed lag, λ 1 δ t + λ 2 δ t−1 + λ 3 δ t−2 ; σ 2 η is fixed to 0.2 in the second variant and estimated in the third. The model with a distributed lag does slightly better, above all in the 1990s.
Conclusions
We consider these results to be encouraging. NOTES: see the notes in Table 1 
